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Notes on uniqueness of the Boubaker Polynomials Expansion Scheme
(BPES) solution in the case of the Klein–Gordon equation
1. Introduction
The thorough study published recently by Yildirim et al. tried to give analytical solutions to thewell-knownKlein–Gordon
equation, which was encountered in several applied physics problems such as quantum field theory [1–7].
The studied formulation was:
∂2ξ(x, t)
∂t2
+ a∂
2ξ(x, t)
∂x2
+ g(ξ) = f (x, t)
x ∈ [0; 1]; t ∈ [0; T ]
(1)
where ξ(x, t) is the two-variable wave unknown function, T is the system characteristic time, a is a given constant, g(ξ)
represents the expression of an external ξ -dependent force and f (x, t) is a given function.
In this comment, we discuss the uniqueness of the proposed BPES solution (Section 2.3 in [8]).
2. Discussion
The treated standard Klein–Gordon equation was given by the following equation:
ξtt(x, t)+ aξxx(x, t)+ bξ(x, t) = D× cos(Hx)× e−jωt; (D,H) ∈ [0,+∞[×[0,+∞[
x ∈ [0, 1]; t ∈ [0, T ]; (2)
along with the initial-boundary conditions:
ξ(x, t)|x=0,t=0 = u0 = 1
d[ξ(x, t)]
dx

x=0
= 0
a = −1, b = 2, D = 1, H = 3.
(3)
The proposed resolution protocol was based on the Boubaker Polynomials Expansion Scheme (BPES) [9–21] and applied by
setting the pulsed expression:
ξ(x, t) = 1
2N0

N0−
k=1
λk × B4k(x× rk)

e−jωt = p(x)× e−jωt (4)
where B4k are the 4k-order Boubaker polynomials, rk are B4k minimal positive roots, N0 is a prefixed integer, ω is the
stationary regime pulsation and λk|k=1,...,N0 are unknown pondering real coefficients.
The authors [8] introduced Eq. (4) into Eq. (2):
N0−
k=1
λk ×Θk(x) = D cos(Hx)
Θk(x) = 12N0

(−ω2 + b)B4k(x× rk)− aω2r2k
d2B4k(x× rk)
dx2
 (5)
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and thus tried to evaluate the coefficients λ′k|k=1,...,N0 that verify:
D cos(Hx) =
N0−
k=1
λ′k × B4k(x× rk). (6)
They [8] obtained the weak solution defined by the system (7):
N0−
k=1
λk × Ik =
N0−
k=1
λ′k × Jk
Ik =
∫ 1
0
Θk(x)dx; Jk =
∫ 1
0
B4k(x× rk)dx.
(7)
The values of Ik|k=1,...,N0 and Jk|k=1,...,N0 were calculated using Eq. (7) along with the arithmetical properties of the Boubaker
polynomials [11–17].
Finally, the coefficients λsol.k |k=1,...,N0 were deduced by identification:
λsol.k = λ′k ×
Jk
Ik
k = 1, 2, . . . ,N0.
(8)
A final solution ξ solBPES(x, t)was consequently:
ξ solBPES(x, t) =
1
2N0

N0−
k=1
λsol.k × B4k(x× rk)

e−jωt . (9)
A thorough examination of Eq. (7) shows that the solution proposed in Eq. (8) is not unique. In fact the following sets (i.e.):

λsol.1
λsol.2
λsol.3
...
λsol.N0
 =

0
0
0
...
N0∑
k=1
λ′k × Jk
IN0

or

λsol.1
λsol.2
λsol.3
...
λsol.N0
 =

N0∑
k=1
λ′k × Jk
I1
0
0
...
0

(10)
are also solutions as long as no supplementary condition are taken into account.
The authors [8] had hence, either to mention that the solution was a particular one, or provide additional boundary
conditions.
3. Conclusion
This comment proposed a correction to a claimed analytical solution to the well-known applied-physics-related
Klein–Gordon equation. The critics were based on uniqueness consideration rather than physical or mathematical
correctness.
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